In this paper we study the convergence of stochastic processes related to a Random Partial Di erential Equation (PDE with random coe cients) of heat equation propagation type in a Kolmogorov's random velocity eld. Then we are able to improve the results of Avellaneda-Majda 3] in the case of "shear-ow" advection-di usion because we prove a convergence in law of the solution of the RPDE instead of just convergence of the moments.
Introduction
The work of consists on the study of the following shear-ow advec tion-di usion equation :
( @u @t ? v " (x; t) @u @y = 1 2 0: u u(x; y; t = 0) = u 0 ("x; "y) (1) where v " (x; t) is a Kolmogorov's random velocity eld (see 3]) depending on two parameters " and (we will note hi the expectation with respect to the statistic of v " ) and " is a scaling parameter.
The success and the originality of the work is of two types : 1. they get the correct scaling laws in this shear-ow advection-di usion equation, 2. they succeed in explicitly calculating the renormalized Green's function in the case 0 < < 4.
More precisely about the rst point, they prove that there exists an exact renormalization depending of the parameters of v " , so that the n-th order moments D u n ( x " ; y " ; t 2 (") ) E have a non trivial limit when " tends to 0 provided that a good choice of (") is made. That for, they use a Fourier transform with respect to the variable y and apply the Feynman-Kac formula to the resulting equation. Then, they can identify the "good" scaling law and the limiting function.
This result suggests that the random solution u( x " ; y " ; t 2 (") ) might converge in law. The aim of this paper is to prove that this is indeed the case. For this sake we use a completely probabilistic approach, studying the convergence of the stochastic processes underlying the PDE (1).
After having de ned the studied process and given the main theorem (section 2), we prove the convergence of nite-dimensional laws and the tightness (section 3) so that we can give results about the convergence of the solution of the equation (1) (section 4).
Remark : In this paper we did not try to see if our method could reach the Green's function in the case 0 < < 2. But we can hope that our entirely stochastic method can
give results in that direction.
2 Setting of the problem The preceding problem is important in many applications as turbulence or di usion of tracers in heterogeneous porous media (see 3] for precise references). It is di cult, especially when the velocity possesses a continuous range of excited scales, an energy cascade and a random description.
The statistical description that we use here is relevant in the Kolmogorov's hypothesis for uids with high Reynolds number (see 5] We note that the energy spectrum is assumed to vanish for large k meanwhile the small k behavior is not universal.
As a simple model, we will work with a rescaled velocity eld The hypothesis of a shear layer helps us providing an explicit stochastic process (under lying the Random PDE) that we will study. It would be a bit more di cult in a non-sheared model. Notation : hi will be used for the expectation with respect to the Brownian motion W.
Remarks
We can remark that v " is a stationary Gaussian process. Indeed the stationarity follows from that of the rst two moments. We note that we have < v " (x) >= 0 and moreover
We are looking for an exact renormalization so that we can get a non trivial limit equation for the mean eld u. Let us de ne u " (x; y; t) = u( x " ; y " ; t
Then u " is solution of the RPDE (Random Partial Di erential Equation)
( @u" @t = then with the classical choice of (") = ", the limiting equation is of di usion type. It is the good scaling law for homogenization results, the usual proof using essentially a Central Limit Theorem (see for example Olla 12] ). In fact the preceding integral is nite when < 0. That is why we will study the case > 0 because the usual proof does not t here.
Stochastic Processes associated to the RPDE
Let us introduce (B t ) a new two-dimensional Brownian motion, independent of W. We are going to study the following processes : 
Studying the convergence of this stochastic process, we are able to give the following results :
2.4 Theorem and corollary theorem a) "Inviscid hyperscaling region" : in the case 2 < < 4, we choose (") = " 1? 4 . In this case the process Y " converges in law with respect to B and W towards Y which is equal (in law) to y + t 1(jkj)dWk (8) in the case i), using the change of variable k 0 = k " , the good choice of (") and the fact that 
Tightness
We know that Y " is a continuous process. So we will use the following Kolmogorov's criterion (see for example Billingsley 6] 
" j k j) 1 ( (") j k j) j k j 
Remark : at this step of the proof, we see that in this case the cut-o s do not appear any more.
For 
From stochastic process to PDE
Because of the convergence in law of the studied stochastic process, we are able to give results about the limiting mean eld : corollary 4.1 < u " (x; y; t) > !
In fact, in the proof of the convergence of nite-dimensional laws, we get an a.s. con vergence for a similar process (equal in law to the one that we study), so that we have the dk. Remark : for the di cult case 0 < < 2, we exhibit an exact expression of the limiting function f u . Maybe the interpretation of this form can provide results about the Green function.
Conclusion
With the tool of stochastic processes, we have been able to give additional informations about this simple model of advection-di usion RPDE. The study of such stochastic processes can provide general results for di usion in more general random velocity elds ( 12] Then, we are going to split this last integral in parts, ordering u; v; w and x. So, using properties of the Brownian motion, we will be able to reduce the whole job to the computation of two di erent integrals.
Noticing that A is an even function of a, we see that the pairs (u; w) and (v; x) play a symmetric role. Then A1 = A5, A2 = A4 and A3 = A6. 
